ABSTRACT. This paper is concerned with extensions of geometric stability theory to some nonelementary classes. We prove the following theorem:
In both contexts, we lose compactness and saturation, which leads us to use various forms of homogeneity instead (model-homogeneity and only -homogeneity in the case of excellent classes). Forking is replaced by the appropriate dependence relation, keeping in mind that not all properties of forking hold at this level (for example extension and symmetry may fail over certain sets). Finally, we have to do without canonical bases.
Each context comes with a notion of monster model ¤ (homogeneous or full), which functions as a universal domain; all relevant realisable types are realised in ¤ , and models may be assumed to be submodels of ¤ . We consider a quasiminimal type , i.e. every definable subset of its set of realisations in ¤ is either bounded or has bounded complement. Quasiminimal types are a generalisation of strongly minimal types in the first order case, and play a similar role, for example in Baldwin-Lachlan theorems. We introduce the natural closure operator on the subsets of ¤ ; it induces a pregeometry and a notion of dimension w on the set of realisations of , for any ¤ . We prove: Although the construction we provide for excellent classes works for the stable homogeneous case also, for expositional reasons we present the construction with the obvious group in the homogeneous case first, and then present the modifications with the less obvious group in the excellent case.
To apply Theorem 0.2 to ¢ and obtain Theorem 0.1, it remains to show that ¢ admits hereditarily unique generics with respect to some group of automorphisms . For this, we deal with an invariant (and interpretable) subgroup of ¢ , the connected component, and deal with the group of automorphisms induced by the strong automorphisms, i.e. automorphisms preserving Lascar strong types. Hyttinen and Shelah introduced Lascar strong types for the stable homogeneous case in [HySh] ; this is done without stability by Buechler and Lessmann in [BuLe] . In the excellent case, this is done in detail in [HyLe2] ; we only use the results over finite sets.
GROUPS AND FIELDS CARRYING A HOMOGENEOUS PREGEOMETRY
In this section, we study algebraic structures carrying an -homogeneous pregeometry. It is similar to the definition from [Hy2] , except that the homogeneity requirement is weaker. -saturated groups are the simplest example of groups carrying an -homogeneous pregeometry. In this case, Reineke's famous theorem [Re] asserts that it must be abelian. Groups whose universe is a regular type are also of this form, and when the ambient theory is stable, Poizat [Po] showed that they are also abelian. We are going to consider generalisations of these theorems, but first, we need to remind the reader of some terminology.
Fix an infinite model and assume that it carries an -homogeneous pregeometry. Following model-theoretic terminology, we will say that a set . We use the term bounded to mean of size less than % . The -homogeneity requirement has strong consequences. Obviously, any model carries the trivial pregeometry, but it is rarely -homogeneous; for example no group can carry a trivial -homogeneous pregeometry. We list a few consequences of -homogeneity which will be used repeatedly. 
is also generic over § and therefore belongs to ¦ by another application of the previous lemma. It follows that
¤
The previous lemma implies that groups carrying an -homogeneous pregeometry are connected (see the next definition). Definition 1.7. A group ¢ is connected if it has no proper subgroup of bounded index which is invariant over a finite set.
We now introduce the rank of an invariant set. The next theorem is obtained by adapting Reineke's proof to our context. For expository purposes, we sketch some of the proof and refer to reader to [Hy2] for details. We are unable to conclude that groups carrying an -homogeneous pregeometry are abelian, but we can still obtain a lot of information. 
GROUP ACTING ON PREGEOMETRIES
In this section, we generalise some classical results on groups acting on strongly minimal sets. We recall some of the facts, terminology, and results from [Hy2] , and then prove some additional theorems. We let be a group of automorphisms of this group action. We assume that the group action is -homogeneous with respect to , i.e. if whenever This is essentially the notion that Hyttinen isolated in [Hy2] . There are two slight differences: (1) We specify the automorphism group , whereas [Hy2] works with all automorphisms of the action (but there he allows extra structure on g , thus changing the automorphism group, so the settings are equivalent). 
¤
. All the statements and proofs from [Hy2] can be easily modified. Some of the results of this section are easy adaptation from the proofs in [Hy2] . To avoid unnecessary repetitions, we sometimes list some of these results as facts and refer the reader to [Hy2] .
Homogeneity is a nontriviality condition; it actually has strong consequences. For example, if . This implies that if 3 is an independent © -tuple and 7
is an element outside
, then necessarily
We often just talk about -homogeneous group acting on a pregeometry, when the identity of or © are clear from the context.
The classical example of homogeneous group actions on a pregeometry are definable groups acting on a strongly minimal sets inside a saturated model. Model theory provides important tools to deal with this situation; we now give generalisations of these tools and define types, stationarity, generic elements, connected component, and so forth in this general context. We can now define stationarity in the natural way (notice the extra condition on the number of types; this condition holds trivially in model-theoretic contexts). . Furthermore, we assume that the number of types over each finite set is bounded.
Definition 2.2. We say that
The following is a strengthening of stationarity. is an © -action, which is homogeneous with respect to the group of automorphisms obtained from by restriction.
We provide the proof of the next proposition to convey the flavour of these arguments. . Let g
. Then, since the action has rank , we must have
and by exchange, this implies that 
or the action of . This part has not been done in [Hy2] .
Following Hrushovski [Hr1] , we now introduce some invariant subsets of ¢ , which will be useful in the construction of the field. We first consider the set of involutions.
The set may not be a group. 
¤
We can now state a proposition. Recall that we say that a group action is regular if it is sharply transitive.
Recall that a geometry is a pregeometry such that given by 
THE STABLE HOMOGENEOUS CASE
We remind the reader of a few basic facts in homogeneous model theory, which can be found in [Sh3] , [HySh] , or [GrLe] . Let ! be a language and let Remark 3.5. In case we are in the -stable [Le1] or even the superstable [HyLe1] case, there is a dependence relation on all the subsets, induced by a rank, which satisfies many of the properties of forking (symmetry and extension only over certain sets, however). This dependence relation, which coincides with the one defined when both make sense, allows us to develop orthogonality calculus in much the same way as the first order setting, and would have enabled us to phrase the conditions (1) and (2) in the same way as the one we phrased for Hrushovski's theorem. Without canonical bases, however, it is not clear that the, apparently weaker, condition that is weakly orthogonal to ¡ ¢ implies (1).
We now make the pregeometry We now proceed with the construction. Before we start, recall that the notion of interpretation we use in this context is like the first order notion, except that we replace definable sets by invariant sets (see Definition 3.17). We now establish a few properties: We now prove another set of properties: . The reader is referred to [HySh] or [BuLe] for more details.
First, we show that the action is -homogeneous with respect to . We have used the fact that the dependence relation is given by bounded closure only to ensure the stationarity of ¢ , and to obtain a field.
We can now prove the main theorem. We restate the hypotheses for completeness. is unbounded and there is a unique unbounded extension of over each subset of ¤ . Since the language is countable in this case, and we have -stability, the bounded closure of a countable set is countable. Bounded closure satisfies exchange on the set of realisations of (see [Le3] ). This holds also for essential closure. From now until Theorem 4.19, we now make a hypothesis similar to Hypothesis 3.4, except that § is chosen finite and the witness is allowed to be countable (the reason is that we do not have finite character in the right hand-side argument of ). Since we work over finite sets, notice that and ¡ below are actually equivalent to formulas over § . The group we will interpret in this section is defined slightly differently, because of the lack of homogeneity (in the homogeneous case, they coincide). We will consider the group -determined, which we will then use to show that the action has rank © . It will follow immediately that ¢ is interpretable in ¤ , as in the previous section. Finally, we will develop the theory of Lascar strong types and strong automorphisms (over finite sets) to show that ¢ admits hereditarily unique generics, again, exactly like in the previous section.
We now construct the group more formally. 
¤
The fact that the previous lemma fails for independent sequences of length © follows from item (2) of Hypothesis 4.5.
We now concentrate on the © -action. We first prove a lemma which is essentially like Lemma 3.10, Lemma 3.11 and Lemma 3.12. However, since we cannot consider automorphisms fixing all of m , we need to introduce good pairs and good triples. Proof. We make two claims, which are proved exactly like the stable case using the definition of good pair or good triple. We leave the first claim to the reader. Remark 4.15. Recall that in this case, any complete type over a finite set is equivalent to a formula (as is the class of atomic models of a countable first order theory). By -homogeneity of ¤ , for any finite Equality between Lascar strong types over is clearly a -invariant equivalence relation; it is the finest -invariant equivalence relation with a bounded number of classes. With this definition, one can prove the same properties for Lascar strong types as one has in the homogeneous case. The details are in [HyLe2] ; the use of excellence to extract good indiscernible sequences from large enough sequences is a bit different from the homogeneous case, but once one has the fact below, the details are similar. 
